Abstract In this paper, we consider the system of Volterra-Fredholm integral equations of the second kind (SVFI-2). We proposed fixed point method (FPM) to solve SVFI-2 and improved fixed point method (IFPM) for solving the problem. In addition, a few theorems and two new algorithms are introduced. They are supported by numerical examples and simulations using Matlab. The results are reasonably good when compared with the exact solutions.
Introduction
Integral equations have been one of the principal instruments in many different fields of science like applied mathematics physics, biology and engineering [1, 2] . Also integral equations are encountered in numerous applications in various areas [3] . In addition, they arise naturally in applications, in many fields of mathematics, science and technology [4] . They have studied both at the theoretical and practicallevels [5] .
Solution of integral equations by numerical methods have grown widely grown in the last 25 years. The methods of integral equation are strongly used for treating many problems in mathematical physics [6] . Integral equations have many advantages witnessed by the increasing frequency of the integral equations in the literature and in many areas because some problems have their mathematical representation appear directly [7] . The VolterraFredholm integral equations appear from parabolic boundary value problems [6] . Integral equation focused on the numerical method of solution [8] .
Jerri [9] was discussed fixed point iteration method to solve linear Volterra integral equation. Sulaiman [10] used fixed point method (FPM) to solve linear Fredholm integral equation of the second kind. Hasan [11] solved a certain system of Fredholm integral equation of the first kind. In addition, Waz waz [12] solved a system of linear Volterra integral equations by FPM.
The proposed method FPM and IFPM are used for obtaining the approximate solution of system Volterra-Fredholm integral equations of the second kind. Illustrative examples will be included to demonstrate the validity and applicability of the presented techniques to highlight the signification of the FPM and improve fixed point method (IFPM).
Definitions
for all x, y ∈ B for some norm on R p .
Definition 2 [13]
A map T is called contraction mapping on the interval [a, b] if it satisfy the following conditions:
Definition 3 [12, 13] Let V and W be vector spaces over a field F. A function T : V → W is called a linear transformation if it satisfies the following conditions:
2. ∀A ∈ V and r ∈ F, T (rA) = rT (A).
Definition 4 [6, 14] The integral equation
is called a linear Volterra-Fredholm integral equation of the second kind, where the functions k(s, t) and g(s, t) are called kernels of integral equation, 0 < λ < 1 and 0 < λ * < 1 such that f(s), k(s, t) and g(s, t) are known functions on R = {(s, t), a ≤ t < s ≤ b} and y(s) is unknown function.
Definition 5 [12, 15] A kernel k(s, t) is said to be a symmetric kernel if k(s, t) = k(t, s) for all s, t ∈ R.
3 System of linear Volterra-Fredholm integral equations of the second kind
The system of p Volterra-Fredholm integral equations of the second kind (SVFI-2) is given as follows:
(s, t) denote the given continuous kernel functions on R = {(s, t), a ≤ t < s ≤ b} while y i (s) is the unknown function to be determined.
FPM solution for SVFI-2 with symmetric kernels
The system of linear Volterra-Fredholm integral equation of the second kind given in (1), this system can be written as follows:
, first, we suppose that the initial solution Y 0 i = F i , then the first approximation is
For second approximation, substitute Y 1 i into (3) we get
In general, the fixed-point method can be written as
where max is the maximum number of iterations.
If the relationship defined in Equation (5) converges then
with
where
The condition for the convergence property of the FPM is
Algorithm for FPM
Step 1 Let
from Equation (7), r = 1, 2, 3, ..., max.
Step 3 Compute the value of absolute error given by e Solution. By applying FPM and its program, we obtain the approximate solutions of y 1 (s) and y 2 (s) as follows and shown in Table 1 . Figures 1(a) and 1(b) show a comparison between the exact and the approximate solutions, given in Example 1.
Example 2 Consider the following system
with the exact solutions y 1 (s) = e s and y 2 (s) = 2e s . Solution By applying FPM and its program, we obtain the approximate solutions of y 1 (s) and y 2 (s) as follows and shown in Table 2 . Figures 2(a) and 2(b) show a comparison between the exact and the approximate solutions, given in Example 2.
IFPM to solve SVFI-2 with symmetric kernels
Improved fixed-point method is obtained by adding α i Y i in both sides of Equation (7) where
we get
If * Y i verifies Equation (7) then it also verifies Equation (10). This means * Y i is a solution of Equation (5) expressed in the iterative form, as follows: The approximate solutions in Equation (11) should converge faster than the iterative form defined in Equation (7) to the exact solution of Equation (1). The selection for the optimal values of the scalar α i is based on the following role
Algorithm for IFPM
Step 1 Find the optimal values of the scalar α i in Equations (12) and (13).
Step 2 Let Y 0 i = F i , for i = 1, 2, 3, ..., p, from Equation (1) which is the initial solution.
Step 3 Adding α i Y i to both sides of Equation (7).
Step 4 Compute * Y r+1 i
From Equation (11). 
Numerical examples about SVFI-2 and results by using IFPM
The method of section 5 is very useful for finding the numerical solutions of SVFI-2. The computations associated with the examples were performed using MATLAB version 12.
Example 3 Find approximate solution ofa SVFI-2, in example 1 by using IFPM.
Solution Applying the numerical technique which is IFPM, we obtained the results for approximate solutions of y 1 (s) and y 2 (s), where the optimal values are α 1 = −0.190 and α 2 = 1.4597, as shown in Table 3 . Example 4 Find approximate solution ofa SVFI-2 in example 2 by using IFPM.
Solution Applying the numerical technique which is IFPM we obtained the results for approximate solutions of y 1 (s) and y 2 (s), where the optimal values are α 1 = 0.128and Table 4 . 
Fixed point and contractive mapping
The original iterative method is proposed as follows: (s) to Y i (s) has been studied for solving Equation (1) . Let
Our solution in this work has been directed toward solving Equation (1) . The integral equation (15) 
which mean that the solution Y Theorem 4 Let T be a contraction mapping on R then:
2. For any initial solution Y 0 ∈ R the sequence defined in Equation (16) 
is continuous on the region R. Now we want to show that, the equation (17) 
because T is Lipchitz function. Then we get
Hence L ≥ 1 which is a contradiction to the definition of the Lipchitz constant, because L < 1. Since T is contraction mapping on the region R, then Z * = Y * . Therefore, Equation (16) has a unique solution. 2. By part one of this theorem we give the closure condition. That's mean If
, and so on, after d-times we get
Take the limit of both sides we get
Hence, the sequence defined in equation (16) 
Conclusion
In this work, we propose two methods called fixed point method and improve fixed point method to solve SVFI-2. Several numerical examples were tested using algorithms for FPM and IFPM for solving a system SVFI-2. The results given in Tables 1, 2, 3 and 4, indicate clearly that both methods achieve good convergence as r increases when the error decreases. The mentioned examples demonstrated the validity and applicability of the techniques. Finally, we concluded that IFPM converges faster than FPM as shown in Tables 5 and 6 . 
